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THE PRINCIPLES OF DYNAMICS. 


I. The object of this Paper. 

(1) The writer is not attempting to construct a new system of 
dynamics, but merely to present in a clear form what he believes 
to be the principles of our existing system; and he ventures to 
hope that such a presentation may be of some use to those 
teachers of dynamics who are not specialists, and }erhaps to 
older students. The paper is not intended for experts. 

It has appeared to him that in the various text-books written 
on this subject, these principles are at times forgotten; with 
the result that there are to be found many faults, some due to 
incompleteness, some to vagueness, some to reasoning in a 
“vicious circle,” and some to the attempt to make one equation 
give us two or even three unknowns. 

(2) As an example of the last, it may be mentioned that in 
one text-book the second of Newton’s laws appears to be 
regarded (i) as an experimental law giving the observed actions 
of forces (measured statically) on masses (measured indepen- 
dently of the observed effect); (ii) as defining force; (iii) as 
defining mass ; (iv) as giving us a means of measuring time. 

(3) So again there appears to be much vagueness as to the 
choice of origin and axes, and consequently much uncertainty 
as to what is meant by velocity and acceleration, by displace- 
ment, work, and kinetic energy. 


Il. The conditions to be fulfilled by a rational system of dynamics. 


(1) Force. It is easy by means of spring-balances or by some 
other statical method to determine multiples of any arbitrarily- 
chosen unit of force. It may be objected that springs change in 
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properties as time goes on. But what more exact methods are 
there than statical methods of actually obtaining a series of 
forces of known relations to one another? One may define 
forces dynamically, but one does not measwre them dynamically 
in practice. 

Even those who profess to define and measure forces dynami- 
cally by means of Newton’s laws do yet in fact refer back 
to the statical measurement. If a body does not “persist in 
its motion with uniform velocity,” they are not contented to 
say “then there must, by definition, be a force acting on it”; 
but they look about for some other body exerting on the first 
a force measurable statically. In all statical mechanics we 
measure forces by the spring-balance or by some equivalent 
statical method ; and in the dynamics of machines we measure 
statically the forces producing the motions considered. We 
should not be satisfied with, nor could we work with, any 
system of dynamics in which the measures of the forces estimated 
dynamically did not agree with their measures estimated 
statically. 

For this reason, in discussing Newton’s laws, the writer will 
assume that the relative magnitudes of the forces are determined 
statically. These laws once established, we may then avail 
ourselves of them to obtain a suitable definition of the unit 
of force. 

[In this connection see Thomson and Tait’s Natural Philo- 
sophy, Vol. I., Part I., §§ 207, 248, 258, third paragraph, 220 and 
223 [ed. 1879]. Also see XII., (2) in this paper. ] 

(2) Mass. The root-idea of mass in dynamics is no doubt 
inertia ; i.e. the passive resistance offered by matter to change 
of motion. 

Yet—[See Thomson and Tait, Vol. 1, Part L, §§ 208, 209, 
216]—the Newtonian conception of iass was such that its 
measurement was regarded as independent of dynamical ex- 
periment. And there is no doubt thai we should not be 
satisfied with, nor could we work with, any system of dynamics 
in which dynamical measurement did not give (eg.) to 5 pints 
of water five times the mass that it gave to 1 pint. 

The writer believes, then, that in discussing Newton’s laws 
he is justified in assuming that the masses spoken of are to be 
thought of as measured, and their centres of mass as determined, 
independently of any dynamical experiments; though, these 
laws once established, masses may be defined dynamically. 

(3) Definiteness of meaning and significance. A further 
condition to be fulfilled will be discussed in VIII. and IX. 
Suffice it here to say that we expect our system of dynamics 
to give us definite and significant results where the data are, 
as far as we can judge, definite and sufficient. 


ard 
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III. Velocities and angular velocities. 
~ “ All motion that we are or can be acquainted with is Relative 
merely.” [Thomson and Tait, Vol. I, Part I., § 45.] 

“When we turn our attention to the process of change” .. . 
(in a system). . . “itself, as taking place during a certain time 
and in a continuous manner, the change of configuration is 
ascribed to the motion of the system.” [Clerk Maxwell, Matter 
and Motion. Art. xxiv., ed. 1876.] 

(1) That it is not “slaying the slain” to point out how 
meaningless to us is the expression “absolute velocity” is shown 
by the recent appearance in a well-known scientific journal of 
“A plea for Absolute Motion.” [“ Nature,” Vol. 73, p. 463.] 

(2) No one can deny that our minds can set no limit to space ; 
nor can we say “beyond this or that limit there is no matter.” 
Our whole universe of visible stars may be only one of a 
countless multitude of such universes; the solar system may 
appear to “move” this way or that through our universe of 
stars; that universe of stars to “move” this way or that through 
a cloud of other universes; and so on to infinity. What meaning 
can “absolute motion” convey to our minds @ 

(3) Rotation kinematically considered. So again we can 
imagine system outside system, each with rotation relatively 
to its neighbours. But what kinematical meaning can we 
assign to the expression “absolute rotation ” ? 

(4) Rotation dynamically considered. At first sight it would 
appear as though the phenomena of dynamics do give us a 
conception of absolute rotation. 

We believe it to be established that when a mass of homo- 
geneous fluid has rotation relatively to axes which are “fixed” 
with respect to distant stars, then it assumes, or oscillates about, 
a spheroidal form; and that when two bodies of matter rotate 
round each other relatively to the distant stars, in either 
direction, then the apparent attraction between them, as measured 
by the strain of a massless spring connecting them, would be 
less than it would be were there no such rotation. 

But what more can we say than this? May not “rotation 
relatively to distant stars” mean “rotation relatively to the 
ether of our universe”? We cannot answer this. 

One result remains. Dynamically we cannot define even 
arbitrarily what we shall call “absolute velocity” ; but dynami- 
cally we can define what we shall call “absolute rotation,” 
though we cannot deny but that the definition may be quite 
arbitrary. 

(5) “ Fixed” axes. In dynamics we shall define as “fixed 
axes,” axes that are fixed relatively to the distant stars. Or, 
again, if a body of homogeneous fluid, assumed to be isolated, 
preserves a spherical form when it has no rotation relatively 
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to certain axes, we may call these axes “fixed.” We believe 
these two definitions to be equivalent to one another; but in 
practice we always refer to distant stars as a criterion of 
rotation in its dynamical sense. 

(6) When, in the sequel, we speak of “ the velocity, or accelera- 
tion, of any point relatively to any origin,” tixed axes through 
the origin will be understood. Without these axes the ex- 
pression italicised would be meaningless. 

[(7) Though somewhat irrelevant, it may not be without 
interest to enquire here the significance of the statement that 
“the earth rotates round the sun, and not the sun round the 
earth.” 

Kinematically the statement has no meaning; as is seen by 
taking earth and sun in turn as origin;—and why should we 
not ? 

Dynamically the statement Has signiticance. The relative 
motions of sun and earth will come best under the rule of dyna- 
mical law if we refer to their centre of mass (which lies within 
the sun’s surface) as origin, and regard the sun’s centre as 
describing a small ellipse, the earth’s centre a large ellipse, 
round this point. More significance than this there could not 
be, unless we can attribute meaning to the expression “a point 


tixed in space.” See VI. (1).] 


IV. The Experimental Nature of Dynamics. 

(1) It is possible to build up such a system of dynamics that 
the results arrived at must be true; that “ Dynamics,” in fact, 
may become a branch of mathematics. Sooner or later, however, 
when the science is applied to realities, there will arise the 
question whether or no the forces and masses of this logical 
dynamical system work in with other and equally important 
conceptions of them; and we come back to experiment after 
all. [See II. (1) and (2).] 

(2) It seems best, therefore, to start with the conceptions of, 
and measures of, forces and masses discussed in IIL. and to 
examine by means of direct and indirect experiment the motions 

roduced. 

(3) Other questions also arise, to be settled by experimental 
evidence. Is there any simple relation between the masses of 
bodies and their gravitational attraction for one another? Is 
either “mass” or “weight” affected by the shape or physical 
condition of a body? Has gravitational attraction a finite 
velocity of propagation? Can we, in dynamics, assign a meaning 
to “constancy in direction of velocity ” ? 

(4) The “Laws” of Dynamics. Thus in dynamics as in 
physics we must regard our laws as based upon experiment. 
As in physics, they are “Laws” only in the sense that they 
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account in a simple manner for all phenomena hitherto observed, 
and enable us to predict other phenomena, so that they are 
themselves capable of being tested by experiment. 

Our faith in them is justified, not by rigid mathematical 
demonstration, but by cumulative evidence direct or indirect. 

If Uranus “go wrong,” we look for, and we find, Neptune; 
and we have so much more evidence in favour of our laws. 


V. Preliminary, rough, Experiments. Newton’s Laws. Mass and 
Weight. 

(1) It is by experiments performed on the surface of the 
earth that we are guided towards the general laws of dynamics. 

We start with forces and masses, conceived of and measured 
as explained in II., (1) and (2); we refer velocities, accelerations 
and displacements to the surface of the Earth and to landmarks 
on it. Such experiments are rough, but they give us valuable 
results. 

(2) If we deal at first with one body (free to move) at a time, 
we arrive at the conclusion that . . . (writing “mass,” “force,” 
“acceleration,” for the measures of these quantities) . . . 


(muss) x (acceleration) « (force applied), and the acceleration 
takes place in the direction of the force. 


(3) If now, still dealing with one mass (free to move), we 
apply several forces to it, we conclude that .. . 


(mass) x (acceleration) cc (statical resultant of the forces), and 
the acceleration takes place in the direction of this resultant. 


(4) If now we have two masses free to move, and cause a 
stress to be exerted between them, as (¢.g.) by means of a light 
stretched elastic cord, we conclude that .. . 


the mass-accelerations are equal, and opposite in sign ; 
the centre of mass does not move. 


(5) Mass and weight. We recognise in matter two dynamical 
properties; viz. inertia, or passive resistance to change of motion, 
measured by “mass”; and mutual attraction between two 
bodies of matter. When one body is the earth, and the other 
is a relatively small body on or near to the earth’s surface, 
we call the one side of this stress, or the earth’s pull on the 
body, the “weight” of the body. 

or some reason, unknown to us, weight and mass appear 
to be proportional to one another. Also, for some reason un- 
known to us, both appear to be independent of the shape and 
physical condition of any given piece of matter. 

[It seems strange, to the writer, that there are to be found 
those who object to the use of two words, mass and weight, to 
designate two such entirely different properties. ] 
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(6) Newton’s laws being once established, it has seemed better 
to start with the fundamental units of time, mass and length, 
and to derive the unit of force. In the engineers’ system, 
however, we virtually start with the units of time, length, and 
force (the latter being the earth’s pull on a standard lump of 
matter at London); and derive the unit of mass. 

As to the unit of time, we derive it from the earth’s rotation 
relatively to the fixed stars. If in the lapse of years or centuries 
our laws appear to be changing, we ascribe this to a change 
in the earth’s rate of rotation rather than to a change in the 
masses of sun or earth, or to a change in the attractive stress 
between them. Other standards of time have been suggested; ~ 
but it would be out of place to discuss them here. 

The view that the writer would lay stress on is that we 
attempt to frame laws that shall make everything “hang 
together.’ Being essentially experimental laws, they cannot be 
proved with mathematical rigidity; they are but working 
hypotheses. 


VI. More complete statement of the Laws of Dynamics. 


(1) Starting with the results suggested by experiments of the 
nature indicated above, we proceed to consider more carefully 
the question of the origin and axes to which, in any problem, 
velocities, etc., should be referred. 

The conclusion arrived at is that Newton’s laws hold good 
if we :-— 

(i) take as “fixed” axes those which are fixed relatively to the 
distant stars, and judge of change of direction of velocity by 
these ; 

(ii) choose as origin either the centre of mass (c.m.) of the 
bodies between which the reactions considered take place, or any 
origin with respect to which [see III., (6)] this em. has uniform 
velocity. For reasons given in VIII, (3), and X., (3) and (7), it 
appears to be better to choose as origin the cm. of the reacting 
bodies when we are examining only the reaction between them. 

If, then, we use “acceleration ” in the more general (or vectorial) 
sense, we find that Newton’s laws account for such motions as 
those of the solar system. 

The writer would emphasise the view that our luws of 
dynamics deal essentially with the system of bodies between 
members of which the actions considered take place, with an 
origin as specified above (preferably their centre of mass), and 
with fixed axes; and not with “isolated bodies” and “forces 
acting on them.” 

(2) Example. Consider the case of two bodies of masses M 
and m respectively, there being between them a stress F that 
changes when the distance changes. And let their acceleration, 
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velocities, and displacements, all referred to their em. and to 
“fixed” axes be A and a, V and », S and s, respectively. 
Then our laws of dynamics—(whose principles are here being 
stated, nut proved)—assert that .... 
(i) the mass-accelerations are equal and opposite, and each 
measures F. 


(ii) the changes in momenta of the two are equal and 


opposite, and each measwres the time-integral dt 
during the period considered. h 


(iii) the changes in 4MV? and 4mv? measure the corre- 
sponding space-integrals | Fa or work done; the dis- 


placements of M and m respectively along the line of 
the stress being measured from the c.m. 

(iv) From (i) and (ii) it follows that the mutual stress 
between M and m does not affect the acceleration or 
velocity of their c.m., relatively to any other origin and 
Jixed axes. 


(3) A still simpler example. Let us consider the two bodies 
above to be a smooth, un-rifled gun, of mass M, loaded with a 
charge of measurable potential energy, but of negligible mass, 
and a shot of mass m. And for simplicity let us assume that the 
whole has no rotation relatively to “fixed” axes [see IL. (5)], and 
that the charge when ignited burns at such a rate that the stress 
exerted has a constant value F. 

Referring to the centre of mass of M and m as origin, we may 
say that our laws of dynamics assert that (if we disregard signs 
here, since there can arise no ambiguity of meaning)... . 


(i) 
(iii) 
Vm 
whence (v) 


where V and v are the final velocities, and S and s the final 
displacements of the masses M and m respectively, relatively 
to their cm., during the action, and ¢ is the time of action 
(duration). Evidently also, F(S+s)=4MV?+4m2*=total work 
done by the charge on gun and shot together. .........0.sse00 (vi) 


VII. The work done by the gases, 
(1) It is in considering work and kinetic energy that errors, 
due to neglect of definiteness as to the origin to be chosen, most 
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frequently arise. So we will consider this matter further here 
and in VIII, IX.,and X. All will agree that Fx(S+s) in (vi) 
above measures the total work done by the charge on gun and 
shot, and that consequently (4MV*+ 4mv*) will rightly be called 
the gain in K.E. of the system. 

(2) Though the gain in K.E. of the system, and the total work 
done, are the main point, still it is not without interest to 
enquire in what real sense we may call F’.s the work done on 

’ the shot, F.S the work done on the gun, }mv? the K.£. of the 
shot, and 4MV* the K.x. of the gun, in the system. But in 
making this enquiry it must not be forgotten that our dynamics 
deals essentially with a system; and that “the K.E. of an isolated 
body” is as meaningless as “the absolute velocity of a body,” 
and “the work done by a force acting through a certain distance” 
is as meaningless as “absolute displacement.” [See Maxwell’s 
Matter and Motion, § CIX.] 

(3) If gun and shot came to rest again relatively to their c.m. 
by striking and being stopped by sandbanks of relatively infinite 
mass which are at rest relatively to the cm. of gun and shot, it 
will be admitted that quantities of heat measured by 4MV? and 
}mv* respectively will be given out. Hence in the system of 
gun and shot, the masses M and m may reasonably be said to 
have these respective shares of the total K.E. in equation (vi) due 
to the explosion. 

(4) Or again, not to introduce these infinite masses which are 
not concerned in the reaction considered, let gun and shot come 
to rest relatively to their cm. owing to an attractive stress 
between them, and then return (under this attractive stress) 
towards one another. When in the initial relative position let 
there be inelastic collision, a non-conducting mat being inter- 
posed. It will be admitted, the writer thinks, that the heats 
given out on the two sides of the mat will again be MV? and 
}mv®, respectively, as before; the sudden transition from motion 
relatively to the c.m. to rest with respect to it, being virtually the 
same in nature as in (3) above. 

Here again we see that the masses M and m can reasonably 
be said to share the total energy of the explosion in the pro- 
portion F. 8 and F.s, or and }mv’, in the inverse ratio 
of the masses. 

(5) So again if the two masses M and m oscillate with 
respect to one another under the action of a (massless) spring of 
perfect elasticity that connects them, though the total energy of 
the system is the one thing of which we can speak without 
ambiguity, yet we may reasonably speak of the spring doing 
work on the masses of amounts F.S and Fs, and of the masses 
doing work on the spring of amounts F.S and F.s, alternately ; 

measuring displacements as before from the centre of mass. 


x 
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VIII. Lack of significance, or even error, due to failure to refer to 
the c.m. of the reacting bodies. 

(1) Let us now, in the simple case of VI, (3), refer to an origin 
yelatively to which the em. of the two reacting bodies has a 
constant velocity V. [See IIL. (6).] 

We find that as regards mass-acceleration, change of momen- 
tum, and total work done by the explosion [see X.,(1)], we obtain 
the same results as when we refer to the cm. So that, as stated 
in VL, (1), (ii), any such origin will for most purposes do as well 
as the c.m. itself. But as regards the distribution of the energy 
of the explosion between gun and shot, it would seem that we 
obtain results capable of being interpreted reasonably [see VII., 
(3), (4), and (5)] when we refer to the cem., and somewhat 
meaningless results when we refer to an origin with respect to 
which the c.m. has uniform velocity. For it is clear that by 
choosing an origin for which V has a suitable value, we may 
have the shot appearing to retreat before the gases (7.e. to have 
work done on it), to stay still (2.e. to have no work done on it), 
or to advance on the gases (i.e. to have negative work done on 
it); the total work done on the system of gun and shot re- 
maining the same as before. And in view of VII. (3), (4), and 
(5), such a view appears to be lacking in signiticance. 

In the same way we might be led to speak of a gun of 45 tons 
being projected from a shot of 1 cwt.; of a man thrown by a 
stone; of steam, “kicking off from” a piston of small mass, 
driving the cylinder and framework of an engine and the earth 
to which the framework is fixed; or even of one side of a press 
doing work on a book, and of the book doing equal work on the 
other side of the press. And the discussion of the oscillating 
bodies of VII., (5), would suffer in significance for similar reasons. 

In X. the advantage of referring to the c.m. as origin appears 
in a somewhat different shape ; while in XI, (5) and (6), it is seen 
how such reference leads to the ordinary treatment of the cases, 
of very common occurrence, in which the one of two reacting 
bodies is of relatively infinite mass. 

(2) Let us now, in the simple case of VI., (3) refer velocities, 
ete, to an origin with respect to which the em. has an 
acceleration [see II 

We now have not only lack of signiticance but also error; 
all is in confusion. Let us, for example, take the gun or the 
shot as origin; both having acceleration relatively to the cm. 
during the action of the stress. 

Referring to the gun as origin we should get, for the motion 
of the shot, F=m(A-+a); while, referring to the shot, we should 
get for the motion of the gun F=M(a+A); where F should be 
one and the same force. And for the K.k. due to the explosion 
we should get either 4m(V+v)?, or 3M(V+v)?; different values. 


394 THE MATHEMATICAL GAZETTE. 


Another error, an error in estimating the total gain in K.E. during 
the explosion, if this occupied a finite time, is indicated in X., (6), 
With such an origin, then, we have actual error. 

(3) We see then that if we are to obtain results that are in 
accordance with the laws of dynamics we must choose an origin 
relatively to which the cm. of the system has uniform velocity ; 
and that if we are to give a reasonable account of the distribu- 
tion of the energy of the system between the various masses 
composing it, we should refer to the c.m. itself as origin. 

Hence it is better to refer all displacements, velocities, ete., to 
the c.m. of the system of the bodies between which the reactions 
take place when discussvng these reactions ; though for most pur- 
poses any origin with respect to which this em. has wniform 
velocity will do equally well [see III, (6)]. W. Larpen. 


(To be continued.) 


NOTES ON THE THEORY OF THE REVERSIBLE 
PENDULUM. (Part IL) 


[Part I. appeared in the May issue under the title “On the Adjustment 
of Kater’s Pendulum.” | 


7. We may now turn our attention to the questions which 
arise specially in connection with a reversible pendulum, such as 
Kater’s. Of course the object in view is so to place two knife- 
edges on opposite sides of the c.G. that the period shall be the 
same from either; the two positions being selected according to 
the rule at the end of §4. But the usual procedure will be to 
decide on the distance between the knife-edges at the start, say 
one metre; then to clamp them to the more or less uniform 
bar of the pendulum, using a standard distance-piece to secure 
the proper interval between them; and finally to adjust a 
sliding weight in such a position as to make the period the 
same for both. We have seen in §2 how the period, or rather 
the length of the equivalent s.P., varies with the position of 
the sliding weight; but it will be convenient now to change the 
notation. Let J,, J,,... denote the moments of inertia of the 
various masses making up the pendulum, each about its own 
c.c.; M,, M,... the masses; x,, 2... the co-ordinates of the 
centres of gravity, referred to one of the knife-edges as origin; 
let the co-ordinate of the other knife-edge be d; and let the 
letters J, M, x without suffixes refer to a moveable mass which 
is being adjusted. We shall at once see how much simpler it 
is to discuss the graph whose ordinate is the length of the s?P, 
than the one where the period is used; for the position which 
the moveable mass should occupy of course corresponds to the 
intersection of the two graphs relating respectively to the two 
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knife-edges; and it is surely better to have to deal with the 
intersections of conics than of cubics. Let us take J,, M,, x, 
to refer to the bar and any adjuncts whose position is invari- 
able; J, M, x will at present refer to the “heavy bob” of a 
Kater pendulum. The ordinate for one knife-edge is 


(1, +1)+ M,a,?+ M2? 
M,x,+ Mx 


for the other it is 
(+ 
M,(d—«,)+M(d—«) 


"Ocms 20. 40 60 80 700 
$7, with data from $10; 2,=75. Compare the character of the crossing at B and at C. 


and the bob has to be so adjusted as to make these equal. 
Multiplying up, we have a cubic; so that there are three 
positions possible. The cubic is factorisable, so that all three can 
readily be found. But it may be said that two conics in general 
intersect in four points, and imaginaries can only come in in 
pairs; where then is the fourth intersection in the present case ? 
The answer is that the two curves also cross at infinity; each 
has an asymptote parallel to the y-axis. The other three 
solutions met most easily obtained as follows. The numerator 
of the second fraction may be written 


(1,+1)+d{M,(d—2x,)+ M(d—22)} + Me? ; 
so that when the two denominators are equal, 7.e. when 
M,(d—2x,)+ M(d—2«x)=0 


LA 

105 | 
| 

too! y 
! 
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and the masses have equal and opposite moments about the 
“middle point,” the two numerators are also equal; hence one 


(M = 2%, The other two are obtained 


by remembering that when the bob is in its right position the 
two knife-edges are separated by an interval equal to the length 
of the equivalent s.P.; 2.e. 
M2? 
M,x,+ Mx 


solution is «= 


a quadratic whose roots are 


these two positions, then, are symmetrical with respect to the 
“middle point.” (The first solution, it will be noticed, is that 
which places the c.G. of the whole pendulum just at the middle 
point.) Let the three positions be called A, B and C respectively. 

8. We may now consider one or two special points that may 
arise. In the first place, we have equated the essentially positive 
quantity d to two fractions, each of which has an essentially 
positive numerator; we have therefore restricted ourselves to 
cases in which the denominators are also positive, which means 
that the c.c. of M and YM, is bound to lie between the knife- 
edges. Hence the above method of solution effectually guards 
us against including those cases in which the pendulum swings 
the same way up from both knife-edges and at the same rate. 
We could only obtain these inappropriate cases by writing 


race Ma? 

As a consequence, the three intersections may be shewn to be 
included between the asymptotes 


M 

The next point relates to the special circumstances under 

which the two graphs may touch each other. The condition 

that the A intersection should coincide with either B or C is 
given by the equation 


M, (M,+M)d? 
the upper sign oaauen to ee of A and B at 
dj, 4M (1,+l) 
~ M(M,+M)d? 


This gives 


=. | 
BS 
. 
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the lower sign to coincidence of A and C at the same distance 
on the other side of the middle point. The B and C intersections 


coincide when , ue. when 


_d 4(/,+1)) 

and it will be noticed that these limits are further apart than 
those for the other kind of coincidence; this case corresponds 


to ‘wane . If x, should lie outside these limits, it will be im- 
2 1 
possible ever to secure equality of period except by putting M at 

2M 


or, to state the same fact in a more useful form, M must be 


at least as large as Atl )—M,x,(d—«,)} or adjustment for 


equality of period will only be possible by using the A inter- 
section, and the ca. of the whole pendulum is then at the 
“middle point.” We proceed to shew that this is highly un- 
desirable. 

9. If t, and ¢, denote the periods, and h, and h, the distances 
of the c.G. of the whole from the corresponding knife-edges, 
then the usual formula is 

87?  t7-t,? 


g 
The distance h,+h, is what we have called d and can be found 
accurately ; h,—h, cannot, and therefore it is sought to make 
the second term small. This is done by adjusting ¢, and ¢, very 
nearly to equality; to do so exactly would be tedious, but the 
experiment is continued until the difference is small. For small 
alterations the factor ¢,+¢, is practically constant, viz. about 


2 
teaflnt he and the term tal is constant, so that the relative 


importance of the doubtful term for a given difference ¢,—¢, 
depends entirely on h,—h,, which ought to be large ; in fact, the 
ideal to be aimed at is h,>h,=d, we. the case of a simple 
pendulum, as we might have expected. In particular, any 
adjustment which gives h,=h, and consequently ¢t,=¢,, is bad; 


for the second term is of the indeterminate form 0’ and may 
easily be shewn to have a finite value, viz. 


g d* (M+ 


— 
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Thus in cases which nearly give coincidence of A with B or C, 
only that intersection must be used with which A does not 
nearly coincide; cases which nearly cause B and C to coincide 
are only objectionable when the centre of gravity of .M, is. near 
the middle point. To sum up the whole matter, we may say 
that the adjustment is better in proportion as the intersection 
which is used is quite distinct trom the other two. 

10. Before proceding further, we may examine some numerical 
examples, based on a pendulum of the usual pattern and 
dimensions. The bar is approximately uniform; its length is 
about 150 ems., its mass about 2000 gms., and its moment of 
inertia with respect to its C.G. about 5 x 10®°gm.cm*. The attached 
mass weighs about 1000 gms., and as its moment of inertia 
about its own C.G. is only about } per cent. of that of the bar 
we will consider it to be a particle. Let us begin with the 
knife-edges so placed that «,=50 cms.; we shal] suppose them 
to be always 100 ems. apart. The three values for « are then 
(A) 50, (B and C) 0 and 100; rejecting A, we see that for B or 
Ch, ems. If we move the knife-edges so that x,=75 
ems., the maximum value possible, then B and C are at 1465 
and 85°35, and 


= 100/ 1 ) 
© — — — 
heh, 1 72 or 
when M is at B or C respectively. Comparing these with each 
other and with the former value, we see at once the advantage 
of asymmetry; an error in fixing the position of the ca. of 
the whole would be nearly 34 times as serious with M at 
B as if M were at C. For the percentage error in g varies 
inversely as the square of h,»h,; doubling h,»h, would not 
merely halve the relative importance of a given error in h, =h, 


242 
but would also halve the importance of the term 2 =. Suppose 
1~ 


we continue to adjust ¢, and ¢, till they differ only by 7, 
each being about 2 secs.; and suppose we make an error 6 


in locating the C.G.; this means a fractional error i =. in the 

28 (¢2—2.2) (A, +h.) 
26.7. 100 10076 1000076 

In an experiment purporting to give g correctly to 1 in 
10000, this fraction should be less than ‘01; suppose 7 to be 
0°01 sec., and 6 to be 01 em, then h,=h, ought to be at least 
32 cms. If the uncertainty in the position of the c.G. were 
greater, we must either make the periods more nearly equal, 
or use @ more unsymmetrical arrangement; the latter would 


denominator, or 


mately per cent. 


a 
. 
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involve less trouble. With «,=50 and «=0 or 100 the above 

values of + and 6 would give about ‘01°/,; with 7,=75 and 

=85'35, about 003 with #,=75 and «=1465, about 105 

the difference in the latter cases being very noteworthy. And 

if we take the A intersection given by #,=50, «=50, and 

imagine the periods precisely equal, then the — mistake 
2 


2 
in would make the term zero instead of 0° ue. 
or of the whole! 
Or again, suppose 2,=50 and #=50'3, so that /,=50'1 and 
h,=49°9. Then if hy were wrongly estimated as 50: 2, we should 
make the term - 


it is about 3 of the total; or if the mistake were in the other 
direction, we should actually make the term infinite instead of 


1__2 only half as large as it should be, and yet 


These illustrations shew how necessary it is to avoid 


having the c.G. about midway between the knife-edges. 

In the pendulum at present under discussion, although the bar 
is 150 ems. long, certain fixed attachments limit the range over 
which the knife-edges can be moved, so that the value of 2, 
cannot conveniently exceed 60 ems. This gives e=2 or 98 
approx.; choosing the value 98, h,—h,=45°3 ems., which with 
+=0°01 sec. and 6=0'1 cm. easily ensures an accuracy of 0:01 °/.. 

The A and B intersections coincide when «#,=70°41 and 
z=918; consequently it would be very important to choose the 
alternative value for x, viz. 90°82. Similarly when x,=29°59 
and «= 90°82 the A and C intersections coincide, so that here we 
should select «=9:18. The B and C intersections would only 
coincide for «, = 85°35 or 14°65, and it is impossible in the present 
instance for «, to fall outside the limits 25 and 75, so that we 
have no concern with this case. 

11. The connection between the position of the centre of 
gravity of M, and the corresponding positions of M which give 
equality of period may be instructively shewn in the following 
graphical way. The co-ordinates 7, and x of M, and M respec- 
tively are connected by the equation at the end of $7, viz. 


If then we plot values of x, and @ as abscissae and ordinates 
respectively, it is clear that we get an ellipse with its centre at 


and of semi-axes 
in the special case when the attached mass M equals the mass of 


1 
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the remainder M,, this ellipse becomes a circle. This illustrates 
the point that for any given value of «, there are two values of 


«x symmetrical with respect to oy and vice versa. It also shews 


that, as the ellipse contracts to a point when 
(M,+M)d?=4(1,+1), 
the smallest mass which will render adjustment possible is 
( ) 


We see, further, that when the centre of gravity of M, is half- 
way between the knife-edges, M is as near one of them as it 
ever will be: while if the centre of gravity of M, is further from 


the middle than +) M is too small to 


effect adjustment even when placed at the middle point. 
Mx, + Mx 

trace the connection between the position of the centres of 
gravity of M/, and M,+W, we obtain another ellipse, 


(M+M)h2-2M hz, + Mx? =Mdh,-M. 


for ordinate and so 


If instead of @ we take h,, i.e. 


Its axes are inclined, but it lies within the bounds 


4([,+1)\ d 4,41) 


At ms a where it touches the latter lines it cuts the original 
ellipse ; the centre of gravity of the whole is then as far from 
the middle point as it ever can be with the given values of M 
and M,. Its intersections with the line h,=0 indicate the values 
of x, for which A coincides with B or C; see § 9. 


12. Let us proceed with the numerical illustration of §10, and 
continue the discussion of the case in which x, was 50 and « was 
100. Now in the first place it is not convenient to construct M 
so that it can be fixed at or near a knife-edge; it cannot be put 
nearer than 90 on the one side or 110 on the’ other; it will be 
remembered that the knife-edge is at 100. The desire for 
asymmetry leads us to choose 110; having fixed it there, let 
us replace the symbols J, M, and x by J,, M, and x, We have 
now destroyed the equality of period and to restore it we must 
add another mass; let us take J, M, and @ as referring to it. 
As a matter of fact, the pendulum has two other masses, one 
resembling the heavy bob but smaller, the other a screw arrange- 
ment for fine adjustment ; however, let us consider these as one 


| 
— 
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for the present. The equation will now be 
Me(d—2); 
and it may be as well to remark here that the general equation 
is }(1)=={Ma(d—~z)}. In our ease, 
5 x 10°=(2000 . 50 . 50) — (1000 .110. 10) 4+ 


2 
and since the maximum value of #(d—2) is < 2.e. 2500, we see 


that J/ must be at least 440 gms. But as M includes two 
portions, and as the effect of the two (wherever placed) is less 
than if they were massed together at the middle point, we shall 
really require more than 440 gms., say 480 gms.; then if it were 
a single particle its position would be given by 
480x(d—x)=11 x 10°. 

But it consists of a light bob (say 220 gms.) at x, and a screw 
attachment (260 gms.) at y; then 

220x(d —x)+ 260y(d—y)=11 x 105, 
the usual elliptical law. We see that as the semi-axes of this 
ellipse are 21°32 and 19°61, « must be between 71°32 and 28°63, 
and y between 69°61 and 30°39. In selecting a suitable pair of 
values we of course try to increase the asymmetry, but we must 
also bear in mind that for constructional reasons the two centres 
of gravity must be at least 12 cms. apart. Suppose we place 
the c.c. of the screw attachment at 69, and that of the small bob 
at 553; this will satisfy all the conditions, and will at the 
same time keep the screw well away from the position 50, where 
it would be very ineffective for purposes of adjustment. Lastly 
let us consider what effect we shall produce on the two periods 
by moving this secrew-portion 1 em. The denominator 


(2000 x 50) + (220 x 55°3)+(260 x 69) +(1000 x 110) = 240000 q.p., 


hence the numerator is 24x 10°; to move the 260 to 70 will 
increase the denominator by 260 in 24x 10*; it will increase the 
numerator by 260 x (70?—69*), i.e. by 260 x 139 in 24x 10°; the 
length of the simple equivalent pendulum is therefore increased 
by 260x 39 in 24x 10% and the time of swing by 130x39 in 
24x 10°, say by 21 in 10°. The time of swing from the other 
knife-edge may be shewn to be increased by 47 in 10°; thus a 
movement of 1 cm. will only be enough to compensate an 
inequality in the period of about ‘0005 sec. And the screw only 
moves about 120 of the 260 gms., so that this.-0005 sec. really 
corresponds to a movement of about 22 cms, It is a common 
mistake to waste time with this fine adjustment when the 
inequality of period is really quite out of its range and ought to 
be dealt with either by moving the attachment bodily over 
several ems. or even by shifting the heavy bob, 
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13. Of course the time of swing of the Kater Pendulum is 
found in terms of that of a standard clock by the method of 
“coincidences”; and it is to be hoped that very few laboratories 
employ the troublesome “eye and ear method” of judging co- 
incidences, which almost demands that the observer should 
possess a sixth sense. A far better plan is to arrange that the 
standard pendulum and the Kater pendulum shall each carry a 
vertical slit; a beam of light sent through the clock-case from 
back to front (by means of a mirror, say) can only reach the 
observer’s eye through these slits when they are in line with 
a third slit so fixed behind them both as to be in line with them 
when both pendulums hang at rest. A flash of light is then 
the signal denoting a “coincidence”; naturally there will be 
several consecutive swings which will give flashes, but the 
observer notes down all and selects the middle one as indicating 
the instant of exact coincidence. 

The experiment is one that can easily be performed without 
help; the observer begins counting with the seconds’ hand of 
the clock, transfers his counting to the Kater pendulum, con- 
tinues counting as he watches through his telescope until he sees 
a flash, writes down (without losing count) the figure counted at 
that moment, and when the flashes cease he also writes down 
the figure corresponding to the last one; still without losing 
count, he now refers to the seconds’ dial once more, and if he finds 
he is one second out (as is most likely) he corrects his figures 
accordingly, and has nothing more to do till the next period of 
flashing. With knife-edges fixed a metre apart this will be in 
about 5 minutes, a very convenient interval. 

Summary. §§1-3 shew, by calculation and graphically, how 
the period of a compound pendulum will be affected by shifting 
part of its mass or by attaching additional mass; §§4 and 5 
apply similar graphical methods to a familiar laboratory ex- 
periment on the pendulum; §6 refers to a less convenient 
graphical method. In §7 it is shewn that in the case of a 
reversible pendulum equality of period can (subject to certain 
restrictions) be secured by attaching a given mass in one or 
other of three positions, corresponding to the three intersections 
of two graphs; in §8 the restrictions are dealt with, while §9 
shews that one (or in certain cases two) of the three positions 
must be rejected as unsuitable; numerical illustrations are added 
in $10. It is proved in §11 that shifting one part of the mass 
of the pendulum can (within limits) be compensated by shifting 
another part, provided the two movements are connected by a 
relation of an elliptical character, and this receives illustration 
in §12. A convenient method of carrying out pendulum ex- 
periments is briefly referred to in the concluding paragraph. 

A. O. ALLEN. 
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REVIEW. 

Text-Book of Light. 4th Edition. Univ. Tut. Press. 

This book has been thoroughly revised and very considerably enlarged. The 
experimental side of the subject receives attention, and the clear practical direc- 
tions for performing experiments which are given greatly enhance the value of the 
work, A chapter is devoted to the experimental determination of the constants 
of Lenses, etc. Dispersion is fully treated in a simple manner ; the chapter on it 
includes a good discussion of ordinary spectra, some remarks on Absorption 
Spectra, Colour, Rainbows, etc., and forms a notable section in the book. The 
chapter on Velocity of Light is improved by an account of the Corpuscular and 
Wave Theories. The number of problems given has been increased; and the 
student who works through them will have ample exercise in this important 
branch of optics. The get-up of the work is in the main highly satisfactory ; the 
figures are well and clearly executed. Here and there one tinds an overcrowded 

ge; this however detracts but little from the general excellence of the volume. 

he book, as is stated in the preface, is a very full treatment of those parts of 
geometrical optics which do not require advanced Mathematics, and it is, indeed, 
difficult to imagine a better. T. R. Dryeap Davies. 
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212. [D. 6. b.] The Exponential Function. 

How to best introduce the learner to the exponential function is a 
ditticulty which, it seems to me, needs to be discussed. ‘ 

I take it that hitherto the first appearance of this function has been in 
Algebra. After the binomial theorem for positive integral indices, came a 
short discussion of convergence, and then, in rapid succession, the general 
binomial series, the exponential series, and the logarithmic series. 

In this order the extension of the binomial theorem seems natural to the 
learner, and as the exponential theorem leads rapidly to that by which 
logarithms can be calculated, its introduction probably appears natural also. 

In future, however, we are to cater for army candidates and the would-be 
engineer, as well as for those about to read for the mathematical tripos : 
one result of this is that the exponential function will first appear in the 
differential calculus, and will form the most serious difficulty in the earlier 
part of that subject. 

In attacking this difficulty it seems to me that, first, the importance of a 
dy 
da 
such as: increase of population ; compound interest ; diminution of light in 
passing through several consecutive panes of glass; increase of resistance 
when a rope is coiled round a post ; cooling of a hot body ; ete. 

After this several methods may be adopted. 

(a) Start fresh, and try to differentiate y=a" ; 

here dy=a*(a—1). 

If we assume a“*—1 to be a multiple of dz, say Adz, then A will be a 
function of a; let e be the value of a that makes A=1; the e is defined by 
d.c=e.dx. If now we assume that ¢* can be expressed as a series of 


powers of we deduce +... =exp(), say. 


function y such that =~=y should be impressed on the learner by examples 


Here by a series of assumptions we have proved, or rather avoided the 
necessity of proof of the ‘exponential theorem’ that {exp 1}*=exp.. 


(8) Again, we may lay stress on compound interest when the interest- 


period is small, and consider L 1+") : 


. 
x 
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By using the binomial theorem, and by burking the question of approach- 
ing the limit except near the beginning of the series, we can easily obtain a 


sort of proof that L (1 +) =exp., and L (1 +3) =expl. 
Here again we have avoided the proof of the exponential theorem. 


(y) On the other hand, it seems more straightforward to proceed directly 
rom 7 ,=4y. If we assume for y a power series in terms of 7, we obtain 
y= exp (kx), where A is a constant; and in particular if /=1 and A be 
dropped, y=exp (2). 
a by this method we have not proved that exp. =(exp 1)*. 
Personally I should like to adopt (y). Having seen the importance of the 


solution of oY — hy, and having determined its form, y=exp 2, I should like 


to discuss the multiplication exp v,. exp 7, and prove this product to equal 
exp(z,+.72), in fact to prove the exponential theorem in the most satisfactory 
way. 

To give a rigorous proof by this method is certainly easier than to make 
(8) rigorous, but it would be interesting to collect opinions on the merits of 
(a), and to see whether a satisfactory proof of the exponential theorem can 
be given by that method. C. O. Tuckey, 


213. The nine-point circle. 


It is well known that if O is the orthocentre of a A ABC, then A is the 
orthocentre of A OBC; and so on. 

The symmetry that thus exists between the four points, leads to many 
interesting properties, especially in connection with the nine-point circle. 
In stating these properties, however, the symmetry is not often mentioned, 
so that the following account of well-known theorems may perhaps interest 
some teachers. 

' Let O be the orthocentre of A ABC, then OABC may be regarded as a 
tetrahedron in one plane, with 6 edges. 

The 4 points form 3 As with a common pedal A YYZ (X on BC, etc.). 

The 6 mid-points of the edges (D, Z, F for EC, ete., P, Y, R for AO, ete.), 
— 3 rectangles (such as PYDE) whose sides are paraliel to and half of the 

es. 

ach pair of rectangles has a common diagonal, and the 3 diagonals of the 
rectangles meet at a point (V say) which is the centre of a © round DEF, 
PQR and passing through YYZ (since 2 DXP is right, etc.). 

This circle has radius half the circum-radius for either ABC, OBC, ete. 
since in each case it is the circum-circle of a similar A of half the linear 
dimensions. 

The point V is the c.a. of equal particles at AOBC (which shows that PD, 
QE, RE meet in a point) and therefore divides in ratio 3 to 1 the joins of 0 
to c.a. of A ABC, A to c.a. of A OBC, ete. 

The point ¥ also bisects the join of O to the circum-centre of A ABC 
(being centre of © through DX, FZ) and the join of A to circum-centre of 
OBC, ete. C. O. Tuckey. 


214. [V.] An illustration by dissection. 


The following is an illustration by dissection of the theorem: “If a 
a ABCD and a triangle: ABE be on the same base AB and 
vetween the same parallels A, DCE, the parallelogram shall be double 
of the triangle,” for the case when the apex of the triangle falls outside 
the parallelogram and CE is not greater than AB. 


ae: 
q 
a 
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AF in the figure is drawn parallel to BE and F@ parallel to CB. The 
triangle ABE is now divided into three portions I., II., III., which can be 


D F Cc E 


I+ 
I 
I 
I 
A G B 
made to occupy one-half of the parallelogram ABCD as indicated by the 
figure. A. E. PIERPOINT. 


La Martiniére College, Lucknow. 


215. [V.4.¢.] A method of obtaining a second approximation. 


In following the practice, nowadays common, of teaching the early parts 
of the Differential and Integral Calculus simultaneously, geometrical illustra- 
tious are useful and an early application of the calculus in making approxi- 
mations usually evokes the interest of the student. This note gives a simple 
method of getting a second approximation by a geometrical illustration. 


Q 
R 


N M 
J() denotes the area between a curve, an ordinate, and the axes. After 
showing, as is usual, that /(r)=y and pointing out that dy f(x), a glance 


at the figure shows that if @ is near P and VM is Az, a first approximation 
to the area AQMO is APNO+the rectangle PRMN, i.e. 


Ax) =f(x)+ 
A second approximation is APNO+PRMN+ APTR. 


Pp 
| 
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APTR=3PR. TR=3PRtan TPR 
f(v+Axr)=approximately f(v)+ 


The case of a negative ef is a useful exercise for a pupil. 
ar 


W. M. Roserts, 


216. [L,.15.f£] Mr. Trachtenberg’s cubic is not new, for, as was once 
sardonically observed, it perpetually haunted the evening meetings of 
the M.A. Some time ago I drew up a paper on “the locus of a point at 
which two given conterminous straight lines subtend equal or supplementary 
angles.” The locus was found to be a strophoid, “e. the inverse of a 
rectangular hyperbola, and for the sake of simplicity is most naturally 
approached without consideration of the conic at all. Even at school one 
comes across it in the question: If 4, B are fixed points external to a given 
circle, find a point P on the circumference such that 4?+ ?2=a minimum. 
The proof by inversion is quite simple : 


A A A A A A A A 
If OPA=OPB, then Oap=Obp or Oab+pab=Obatpba ; 
A A A A 
pab pba=Oab ~ Oba, 


or the locus of a p isa rect.-hyp. having its centre at the middle pt. of ab, 
and passing through a, etc. 

If P be a point on any one of a series of confocal conics, the normal 
at which passes through a fixed point 0, then SO, S’O subtend equal angles 
at P. Mr. Trachtenberg notices this, but does not bring it out clearly that 
the locus of P is independent of all considerations of tangents and normals 
to conics. R. F. Davis. 


217. [L,. 7.4; 14 a.] Professor Ramaswami Aiyar’s researches (in the 
March No. of Hd. Times) on the foci of an inscribed conic are, I think, 
worthy of attention. 

He has shown that :—(see Edinburgh Mathematical Society's Proceedings, 
vol. xv., p. 74) 

If P, Q are isogonal conjugate points with respect to the A ABC (ie. 
possible foci of an inscribed conic, a,.a,=8,8,=yry.), M the middle pt. of 
PQ, O the circumcentre, H the orthocentre, V the ninepoints centre, then 

OP. 0Q=2R. MN. 
2 
( When P, Q coalesce in J, then OJ?=2R. NIJ or r.) 
What is the GEOMETRICAL interpretation of these ? 


218. Pa. 7.4; 14.a.] Wanted, a simple proof (geometrical) that the polar 
circle of a triangle cuts orthogonally the director circle of any inscribed conic 
—a proof which does not approach the triangle by way of the quadrilateral. 

R. F. Davis. 


219. [V.9.] In reading the second volume of A History of European 
Thought in the Nineteenth Century, by Dr. Merx of Newcastle, published 
by Messrs. Blackwood a little over a year ago, and reviewed in Nature, 
January, 1905, by Professor Bryan, I was much struck with the exceptional 
value of Chapter XIII. on “The History of Mathematical Thought.” I 
approached the publishers to see whether this Chapter could not be obtained 
separately and interleaved. They have very kindly acceded to my request, 
after consultation with the author ; and you may possibly by this time have 
received a copy for review. I think this Chapter is of particular interest 


| 

a The 

| 
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to all members of our Association, and especially to mathematical teachers ; 
moreover, the form of publication with the additional blank pages will 
enable anyone to add additional notes and references about the most recent 
work. 

It is necessary continually to remind the new members of the value of 
history in mathematical teaching ; the back numbers of the Gazette have 
some very happy papers on this matter. T. J. GARSTANG. 


220. [K.10.e.] To draw from any two given points A, B two straight lines 
to a point Ron a given circle, having centre at d so that they may be equally 
inclined to CR. 

The following solution has the advantage that the curve made use of is 
independent of the data, and consequently, when once described, serves for 
every case that may arise. 

Let CB=a, CA=6, radius of circle=c, 2 ACB=2a. 

Take for the initial vector CH, the bisector of 2 ACB. 

Then, if a point 2 move so that AR and BR are always equally inclined 
to CR, the polar equation of the locus is 

2ab 
regarding C’A as being on the positive side of CH. 

The question becomes, what is 6 when r=c? 


Let c(a—b)sin a/2ab=h, c(a+b) cos a/2ab=h, 
then ROCCO TE (2) 


{(a—b) sin a cosec +h) cos asec ees (1) 


Now it is obvious that, 7 being some convenient length, the point 
(/cosec 0, / sec 8) is the intersection of the straight line 


(3) 
and the curve ( = (4) 


This curve is easy to plot, because its polar equation is 
21 cosec 20. 


On the given figure describe the line (3); on tracing paper describe the 
curve and then place it on the figure. Prick through the points 
P,, P,, Ps, P, where the curve intersects the line (3). The lines drawn 
through C to these 4 poiuts cut the circle at 8 points, 4 of which, 


| 
/ 
A 
* 

| 
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R,, Ry, Ry, Ry ave those required. There can be no doubt as to which 
four they are when the corresponding values of @ are considered. For 
example, although / in the figure falls in the 2nd quadrant, its @ value 
is 296°, showing that #, must be in the 4th quadrant. 

By supposing the nearer of the two given points to C to be on the 
positive side of CH, the branch of the curve in the 3rd quadrant is of 
no use, for the intercepts CH and C&A of the line (3) will always be positive. 

H. Orrevr, 

221. [K.10.e.] In the equation in Note, viz. 

r{(a—b) sin a cosec 9+(a+b) cos asec 0} = 2ub 
put abp=c?(a—b)sina; abg=c?(a+b)cosa, r=e. 
We then have 5 (2 6) 
Let a straight line from the origin intersect the straight lines 
rsin@=p, rcos 6=q, 
in FandG. Bisect in P. 

The circle r=c will cut the locus of P in the four points required. 

If the four values of 6 be 6,, 0,, 03, 4, then @,, is a multiple of z. 

W. H. H. Hupsoy, 

222. [K. 10. e.] Another solution is as follows : 


Bisect AOZ internally in CY, externally in CY. 

Let H, A be the inverse points of A, B with respect to the circle. 

Bisect HA in F’and let @ be the reflexion of in CY. 

Fit, mechanically, a line of length ¢ between the rectangular axes UX, CY 
so that its direction passes through G@. 

CR is parallel to the direction of this line. 

There are four positions of 2. W. H. H. Hupsoy, 


223. [V.1.a.] Higher Trigonometry. 

In Mr. Hardy’s most interesting article on the proof of the theorem 
_ e*=cosx7+isin. he recommends the proof (which he numbers (iii)) 

if y=cosx+isin x, 


then dy ; 


integrating, log y=txr+constant. 


It would be of great use to teachers if he would point out how much 
knowledge of contour integration is supposed. 
Is it necessary to prove 


(a) For a contour C not containing an infinity of f(z) 
(8) If C contains a simple pole at z=a, where f=, 
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